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Abstract: In order to improve the efficiency of the branch-and-bound method for mixed-discrete nonlinear programming, a non-
uniform convergence tolerance scheme is proposed for the continuous subproblem optimizations. The suggested scheme assigns
the convergence tolerances for each continuous subproblem optimization according to the maximum constraint violation
obtained from the first iteration of each subproblem optimization in order to reduce the total number of function evaluations
needed to reach the discrete optimal solution. The proposed tolerance scheme is integrated with five branching order options. The
comparative performance test results using the ten combinations of the five branching orders and two convergence tolerance
schemes show that the suggested non-uniform convergence tolerance scheme is obviously superior to the uniform one. The
results also show that the branching order option using the minimum clearance difference method performed best among the five
branching order options. Therefore, we recommend using the “minimum clearance difference method” for branching and the
“non-uniform convergence tolerance scheme” for solving discrete optimization problems.
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Table 1 ¢ and %z values in the non-uniform convergence
tolerance scheme
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S G a .
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—< gmax <1 (ngax agmax
a )
g <o t t
max a Co RFO
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I

» Perform the Ath iteration of SQP

— k=k+1
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ty=a

tpp = a'(fmn/fcm)

tC = agmax
bpp = 08y (fREJ/fcn)

le =ty

tpr =ty

Converged?

Fig. 1 Non-uniform convergence tolerance scheme for each node
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Table 2 Test problems
No. Problem type n ny Design variable type Size of discrete sets Ref.
1 Mathematical problem 2 2 X1, X,: discrete (integer) 4*7 (22)
2 Mathematical problem 6 6 1, X2, X4, X5, Yo 5*4*3%Q*3%3 (23)
discrete (integer)
2 Mathematical problem 3 3 X1, X, X3: discrete (integer) 11*11*11 6)
4 Mathematical problem 2 2 X1, X: discrete 6*5 (17)
5 Mathematical problem 2 2 X1, X5: discrete 6*5 (24)
6 Mathematical problem 2 1 - dlscr.ete (integer) 5 7
X, continuous
7 Mathematical problem 7 3 X1 X2, X3: d1scret§ (integer) 5%6%6 (25)
X4, X5, X6, X7: CONtINUOUS
8 Three bar truss design 3 3 X1, X, X3: discrete 34*34%*34 (26)
. . X1, X5 discrete 175
9 Spring design 3 3 - discrete (integer) 16*17*14 27
10 Gear reducer design 7 7 X1, X3, X4, X5, X, X7: dISCrOte | gy e poxy ey 12101551 | (28)
x3: discrete (integer)
11 Pressure vessel design 4 2 1, X dlSCI:CtC 114*114 (29)
X3, X4: continuous
05 08 04
of (x© - L — | Minimum |
COStDi = %(}L}D‘F — xiD_ ) (15) \IIL Y \IU' ;} ¥ x[IT :\{L X y_;U_’ clearance @
X, N .
i 12 14 13
e L ———_| Maximum _’@
é, }l} (15)9] CostD; %)\_o] 7}'Xo]' & gﬁ]%—’ﬁ% XN xlU\L X, x?x? X, Xy clearance
s AT AANSRE g —
_ Minimum clearance @
ABAA AWE 5 b BAeA BEEL w0 0 v 00 e
218}l Fig. 2 ©F Z T} Fig. 2 oA & 5 %ol xox alab x, VAl x}'@
Aeag el wet BAE SHY AAMGT) & 0ss » s diference
T T *
A= AS & F ATk 3 Zd M= 57 EAE A= AR AN i o
Ay RARANE A% g oy S e e )
A 1 2 R%) 2N N3 3
o] Fo11X ol aA} g,

3. HAE Z3}
dFoltt A 4, 5ellM = AASTE 7H o Sl

Aol M AgkE B Adss ASs7l okt fEel B Agrelth &4l 6, 7 & AN A7
ekl AAWMSE 9 o] FErh Y] e 7 WS8E Agola yuAE A5l Efto|aHEA|
Nl gestelAlel 4 o] FstelAlE o] &3k oln, BAge} FHEAE BT tggel)
Table 2 o= 7t oA 7, AAWSF 7, o]2F A 811 & BT Fgdx|o]n, o] FolA #A] 810
AARS T, AARMSE] S, oldk AR A & oA, A 11 & EFfolidEAolth &
71, Fadoel AelEol glom, Table3 o= AA Al 811 & &4 1.7 B} nd@ Aol g s
Mol ®el B’ S8 Thedt olab whel A, &5 olFolA vk A el dig § A A
Ak, 0] Aol Table2 &) FVEHAESS H=x3}7] ulac}

HA EA 13 S BE AANSTE AeEsdd Ajtd Wl e AT % 4 BAEA wH
Al Al 1 ¥ 2 = EHEge FEEA0] o HaE fste] 2 dAelMeE ol B HEd
B Agel, Al 2 o A7 A4 1 By £ 8ea U 5 kA 24 =4 eSS
Ak A 3 2 FARETE ofAge, pEEAE BAEAY 47 A gl HAES Fsirth
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Table 3 Discrete sets, objective function and constraints of each test problem
Set of discrete values and . . .
No. . Objective function Constraints
variable bounds
% {0,1,2,3) g, =—20x,—10x, +75<0
1 €{0,1,2,3,4,5,6) f=—20x,—10x, g, =12x,+7x,-55<0
T g, =25x,+10x,-90<0
{0,1.2.3.4} g, =—-110x, —205x, —160x, —160x, — 420x,
x, €{0,1,2,3} —260x,+2000< 0
x; €10,1,2 =—4x, —32x, —13x, —8x, —4x, 14
2 |7 (0.2} =3, +24x, +13x, +9x, +20x, +10x, | &7 T TR TN TR AN TR
x, €{0,1,2,3,4,5,6,7,8} +55<0
X, € {0’1’2} g, =—2x, —12x, — 54x, — 285x, — 22x, —80x;
x, €{0,1,2} +800<0
x e{—2 8} Fo T 65 485 65 +drx g =142x, +172x, +118x, <1992
2 |xe{l,23,..,11 P s e g, =98x, +114x, +44x, <1162
’ ~15.8x, —93.2x, — 63x, +500 o o
x, €{-2,-1,0,...,.8} o e ? g, =40x, +72x, +34x, <703
x, €{0.3,0.7,0.9,1.2,1.5,1.8} 11
4 f:xl-{-xz g1:7+7_2S0
x, €{0.4,0.8,1.1,1.4,1.6} XX
€{0.3,0.7,0.9,1.2,1.5,1.8} . 11
=x"+ g =—+—-2<0
3 €{0.4,0.8,1.1,1.4,1.6} S=xitx; Yy ox
6 x €{1,2,3,4,5} 2 g PP 2o
0<x, <5 f=x —-8x, g, =-8.63x, +x; <
€{1,2,3,4,5) Fe(x _10)2+5(X _12)2+x4 g, =2x" +3x) +x, +4x; +5x, <127
; €{0,1,2,3,4,5) ' RS g, = 7x, +3x, +10x% + x, —x, <282
€{0,1,2,3,4,5) +3 (o, ~ 1) +10x5 + 7 g, =23x,+x2 +6x2 —8x, <196
4
~1<x <5, i=4,56,7 +x; — 4xgx, —10x, —8x, g, =4x2 +x2 —3xx, +2x2 +5x, ~11x, <0
X, %,,%, € {1.60,1.80,1.99,2.13,
2.38,2.62,2.63,2.88,2.93,3.09,

g 3.13,3.38,3.47,3.55,3.63,3.84, - nonlinear functi lnear funct
3.87.3.88.4.18,4.22.4.49,4.50, f: nonlinear function g1, ©, .- , s : nonlinear functions
4.80,4.97,5.12,5.74,7.22,7.97,
11.5,13.5,13.9,14.2,15.5,16.0 }

1 €{0.05,0.06,0.07,...,0.20}
9 |x €{0.25031250375,.,1.25) | /: nonlinear function £1, & & : nonlinear functions
: g4 linear function
X; € {2 3,4,.. }
xle{262728 ,3.6
x, €{0.70,0.71,0.72,...,0.80}
x, €{17,18,19,...,28}
10 |[x,€17.3,74,75,..,8.3 : nonlinear function 1, @, ..., @11 - nonlinear functions
&ne g
x;€{7.3,7.4,75,..,83}
X, €{2.90,2.91,2.92,...,3.90}
x; €{5.00,5.01,5.02,...,5.50}
€{0.0625,0.125,0.1875,...,6.1875}
0.0625,0.125,0.1875,...,6.1875 , , i i
1| . } f: nonlinear function 81> &2, & : linear functions

10<x, <200
10 < x, <200

g5 : nonlinear function
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Table 4 Optimum solutions and numbers of function evaluations of BBM using the uniform convergence tolerance scheme

NF, NF, NF; NF, NFs . .
No. (BI) (B2) (B3) (B4) (BS) Optimum solution
Bl,B4 :x'=(2,4)",f(x)=-80.0
! 13 66 66 13 66 B2, B3,B5:x =(1,6)", f(x) =-80.0
2 373 620 354 620 746 B1,B2,B3,B4,B5:x =(4,0,0,5,2,0), £(x)=97.0
3 230 179 259 191 191 B1,B2,B3,B4,B5:x =(2,7,3), f(x)=69.0
4 137 137 139 137 139 B1, B2, B3, B4, B5:x =(1.5,0.8)", f(x)=2.3
5 124 128 124 128 124 | B1,B2,B3,B4,B5:x = (1.2, 1.1)", f(x") = 2.65
6 132 132 132 132 132 B1, B2, B3, B4,B5:x =(2,2.58)", f(x") =-16.68
B1,B4,B5:x =(2,2,0,4.31,-0.67,1.14, 1.38)", f(x") = 683.12
7 180 261 261 180 180 B2,B3  :x =(2,2,0,4.31,-0.63,1.13, 1.46)", f(x") = 682.97
8 47 47 47 47 47 B1, B2, B3, B4, B5: x" =(1.6,4.97, 1.6)", f (x") = 9.50
9 311 738 314 738 640 B1, B2, B3, B4, B5: x = (0.05, 0.3125, 15)", (x") = 0.0133
B1, B2, B3, B4, B5:
10 137 135 137 135 137 x =(3.5,0.7,17,7.3,7.8,3.35,5.29)", /(x") =2998.27
B1, B2, B3, B4, B5:
1 205 205 87 205 87 X =(0.8125, 0.4375, 42.10, 176.64)", £ (x") = 6059.71

Table 5 Optimum solutions and numbers of function evaluations of BBM using the non-uniform convergence tolerance scheme

NF, NF; NFs NF,y NFo . .
No. (B1) (B2) (B3) (B4) (BS) Optimum solution
Bl,B4 :x =(2,4)% /(") =-80.0
! 109 66 66 109 66 B2,B3,B5:x =(1,6)", f(x) =-80.0
2 373 576 328 576 662 B1, B2, B3,B4,B5:x =(4,0,0,5,2, 00, /(x")=97.0
3 201 170 182 179 179 B1,B2,B3,B4,B5: x =(2,7,3)%, f(x") = 69.0
4 96 92 85 92 85 B1, B2, B3, B4, B5:x =(1.5,0.8)", f(x)=2.3
5 89 108 89 108 89 B1,B2,B3,B4,B5: x = (1.2, 1.1), f(x") = 2.65
6 115 115 115 115 115 B1, B2, B3, B4, B5:x =(2,2.58)", f(x") =-16.68
Bl1, B4, B5: x = (2,2, 0, 4.30,-0.56, 1.12, 1.34)", f(x") = 683.25
7 171 253 253 171 171 B2,B3  :x =(2,2,0,4.31,-0.63,1.13, 1.46)", f(x") = 682.97
8 41 41 41 41 41 B1, B2, B3, B4, B5: x" =(1.6,4.97, 1.6)", f (x") = 9.50
9 119 492 94 492 137 B1, B2, B3, B4, B5: x" = (0.05, 0.3125, 15), /(x") = 0.0133
B1, B2, B3, B4, B5:
10 107 107 107 107 107 X =(3.5,0.7,17,7.3,7.8,3.35,5.29)", /(x") =2998.27
B1, B2, B3, B4, B5:
1 151 151 82 151 82 X =(0.8125, 0.4375, 42.10, 176.64)", f (x") = 6059.71

HA Table 4 &= ¥ THI G2 U 5 7} A6 Aitolt}. Table 4, 5 4] BI-B5 &= g &
S EA Al Hg5to] A& A=A WHS ZH2E e

=
ojibH A 9 5 ALES S (number  of function

evaluations, NF) Z3}o]™, Table 5 = W] $-H3] B1: #2724 *H (minimum clearance method)
203 WAF 5 A BxeA wEe A 8sh] B2: | th7F4 ¥ (maximum clearance method)
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B3: & 27F2 20| H (minimum clearance difference method) —_— NF,
. : ) . F = : (16)
B4: %131%37—31 ‘]'O]Hd(maxlmum clearance difference method) i max(NE,N}Q,Nl'},...,NE),NEO)
B5: Hojv]&xFo|H (maximum cost difference method)
Table 4, 5 9 2o Aol AHE A R E o2 S0 ¥4 3 A4 A (102 o & NF
&4 SWolA EA4E Buxt sioh WA 7Y 0 o Agstd e AMEd uey 2
He gk WS o] & EXAHY HAF &
A 7 & AL BE A AA oA A E o H NF = NF,
ATk A 7 oM A=A WO R B2, B3 & ' max(NF,,NF,,NF,....,NF,,NF,, ) (17)
o] &3 A5 olHAME FHU S Bl, B4, _ 182 _182_ oo
B5 2 o] &3 BEXaAHAE o Jm Fz max (230,179,259,...,179,179) 259
Ak B Ao Aokt vl 7Y 3 EQ
A S o] g3 B EAM A BE oA 2 (16)S o] &3k Table 4, 5 9] NF #ES =
A 7 = Lo BHS o= 7|9 T 4tststH Table 6 ¥ 2t} WHOF Table 6 ol A
BAAANT Bde oA R St #el 1.00 Y Fg-ol= i Al A8H e
A4 7 9 A% vEo EXEAA vlRsIA = a84o] 7P UES YulstH, ol ASFS
B W oR B2 9F B3 2 o] 43S wyk o] E&ACl 5 YEIITH Table 6 oA B S 9l
AHAA R FEEAT S, At HHS o) gF Rl A A=A o] AdEE AdEelA 7
B 3A 0] 7129 A 3AHE T EU3 A A &9 7Y FHs g HHET AtE vy
= Hole= AS g 4 ATk THEA HHS FASA A 48T FS,
B ATgHE BxaAMHe] a8 Bus 9 BE dAlA a&de] A ddE AvE ==
o] 2l (16)S o] ge ww WS o]gs. g ARk FE, 57HA] BAIEA T Sell A=
B qto| A o] &3l 11 JHA dAEL AAMS HAaM Ao H(B3)= ol & A5 EA A 9
MG D e BEATG L7 EA So agde] HFHow M -5t A 48
7}7) 2 webA Table 4,5 9 NF @HES AY ® FHEELA Bl tEren H2nA sl
o g nusr] YelM= A (16)S o|&3 At He AEe BAGARY] o] ddAew 7
R R= Tt HAARHE A4 A 1

Table 6 Scaled numbers of function evaluations of the original BBM and the enhanced BBM

BBM using the uniform convergence tolerance scheme | BBM using the non-uniform convergence tolerance scheme

w | % | 5 | aE | wR | %8 | R | % | W | 8 | v

(B1) (B2) (B3) (B4) (BS) (B1) (B2) (B3) (B4) (B3)

1 1.00 0.58 0.58 1.00 0.58 0.96 0.58 0.58 0.96 0.58

2 0.50 0.83 0.47 0.83 1.00 0.50 0.77 0.44 0.77 0.89

3 0.89 0.69 1.00 0.74 0.74 0.78 0.66 0.70 0.69 0.69

4 0.99 0.99 1.00 0.99 1.00 0.69 0.66 0.61 0.66 0.61

5 0.97 1.00 0.97 1.00 0.97 0.70 0.84 0.70 0.84 0.70

6 1.00 1.00 1.00 1.00 1.00 0.87 0.87 0.87 0.87 0.87
7* - - - - - - - - - -

8 1.00 1.00 1.00 1.00 1.00 0.87 0.87 0.87 0.87 0.87

9 0.42 1.00 0.43 1.00 0.87 0.16 0.67 0.13 0.67 0.19

10 1.00 0.99 1.00 0.99 1.00 0.78 0.78 0.78 0.78 0.78

11 1.00 1.00 0.42 1.00 0.42 0.74 0.74 0.40 0.74 0.40

Average| 0.88 0.91 0.79 0.95 0.86 0.70 0.74 0.61 0.79 0.66

Fox FAE A 72 EAEA el wtgt £HE oA At thEY] il &84 vlwelA Qs
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